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1. Introduction
Let D denote the open unit disk in the complex plane C. We will use the notation
H(D) for the space of complex valued holomorphic functions on the open unit disk D.
Let ϕ, ψ ∈ H(D) be such that ϕ(D) ⊆ D. Then the weighted composition operator
Wϕ,ψ acting on H(D) is deﬁned as
Wϕ,ψ(f)(z) = ψ(z)f(ϕ(z)).
When ψ ≡ 1, we just have the composition operator Cϕ, deﬁned by
Cϕ(f) = f ◦ ϕ.
Also if ϕ ≡ I, the identity function, then we get the multiplication operator Mψ
deﬁned by Mψ(f)(z) = ψ(z)f(z).
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Weighted composition operators are a general class of operators and they appear
naturally in the study of surjective isometries on most of the function spaces, semi-
group theory, dynamical systems, Brennan’s conjecture, etc.
In this paper, we study the weighted composition operators between spaces of
Dirichlet type Dpα. We also obtain estimates for the essential norm of weighted com-
position operators on these spaces. For weighted composition operators on spaces of
holomorphic functions one can refer to [2, 4, 11, 17, 20, 23] and the references therein.
For any a ∈ D, deﬁne
σa(z) =
a− z
1− az
, z ∈ D,
where σa(z) is the Mo¨bius transformation of D. Also
|σ′a(z)| =
1− |a|2
|1− a z|2
and
1− |σa(z)|
2 =
(1 − |a|2) (1− |z|2)
|1− a z|2
= (1− |z|2) |σ′a(z)|,
for all a, z ∈ D.
Let dA(z) = 1πdxdy denote the normalised Lebesgue area measure on D. Also, let
dAα(z) = (1+α) (1−|z|
2)α dA(z) denote the weighted Lebesgue area measure on D,
where −1 < α < ∞. For 0 < p < ∞ and −1 < α < ∞, the weighted Bergman space
Lp,αa consists of those functions f holomorphic on D such that
‖f‖Lp,αa =
(∫
D
|f(z)|p dAα(z)
)1/p
<∞.
If α = 0, we get the Bergman space Lpa.
For 0 < p <∞ and −1 < α <∞, the spaces of Dirichlet type Dpα consist of those
functions f holomorphic on D such that
‖f‖Dpα =
(
|f(0)|p +
∫
D
|f ′(z)|pdAα(z)
)1/p
< ∞.
That is, f ∈ Dpα if and only if f
′ ∈ Lp,αa . The spaces D
p
α are called Dirichlet spaces if
p ≥ α + 1. For α = 0, the space D20 is the classical Dirichlet space. If p < α + 1, then
it is well known that Dpα = L
p,α−p
a (see e.g., Theorem 6 of [6]). Also D
2
1 equals to the
Hardy spaces H2. Further, Dpα ⊂ D
q
α, if 1 ≤ q < p.
2. Boundedness and compactness
In this section, we characterize boundedness and compactness of Wϕ,ψ acting on
weighted Dirichlet spaces by using Carleson measures.
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Let μ be a positive Borel measure on D. Let X be a Banach space of holomorphic
functions on D. Let q > 0. We say that μ is an (X, q)- Carleson measure if there is a
constant C > 0 such that for any f ∈ X,∫
D
|f(z)|qdμ(z) ≤ C‖f‖qX .
For s > 0, we say that μ is an s-Carleson measure on D if there is a positive constant
C such that
μ(S(b, h)) ≤ Chs, (1)
for all b ∈ ∂D and 0 < h ≤ 2, where
S(b, h) = {z ∈ D : |z − b| < h}.
A 1-Carleson measure will be simply called a Carleson measure. Similarly, μ is called
a compact s-Carleson measure on D if
lim
h→0
sup
b∈∂D
μ(S(b, h))
hs
= 0. (2)
Also one can see that (1) and (2) are equivalent to
sup
I⊂∂D
μ(S(I))
|I|s
< ∞
and
lim
|I|→0
μ(S(I))
|I|s
= 0,
respectively, where |I| denotes the arc length of I and S(I) denotes the Carleson
square based on I, that is
S(I) = {z ∈ D : 1− |I| ≤ |z| < 1,
z
|z|
∈ I}.
A non negative measure μ on D is called a Carleson measure for Dpα if there is a
constant C > 0 such that ∫
D
|f(z)|pdμ(z) ≤ C‖f‖p
Dpα
,
for all f ∈ Dpα. That is, the inclusion operator i from D
p
α into L
p(D, dμ) is bounded.
Again, we call Carleson measure for Dpα, a vanishing Carleson measure for D
p
α if the
inclusion operator i from Dpα into L
p(D, dμ) is compact.
The following theorem characterizes Carleson measures for Dpα.
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Theorem 2.1 ([24, Theorem 1, part(d)]). Suppose that α > −1 and p ≥ α + 1. A
non negative measure μ on D is a Carleson measure for Dpα if and only if there is a
constant C > 0 such that for 1 < p = α + 1 ≤ 2,
μ(S(I)) ≤ C|I|,
for any I ⊂ ∂D.
Let 0 < p < q < ∞ and −1 < α < ∞. Let ϕ ∈ Dpα, ψ ∈ D
q
α be such that ϕ is
self-map of D and ψϕ′ ∈ Lq,αa . Then we deﬁne the measures μϕ,ψϕ′,q and νϕ,ψ′,q on
D by
μϕ,ψϕ′,q(E) =
∫
ϕ−1(E)
|ψ(z)ϕ′(z)|q dAα(z)
and
νϕ,ψ′,q(E) =
∫
ϕ−1(E)
|ψ′(z)|q dAα(z),
where E is a measurable subset of the unit disk D. Again for ψ ∈ Lq,αa , we deﬁne the
measure νϕ,ψ,q on D by
νϕ,ψ,q(E) =
∫
ϕ−1(E)
|ψ(z)|q dAα(z).
Using [2; 8, page 163], the following lemma, whose proof is omitted, follows easily.
Lemma 2.2. Take −1 < α < ∞. Let ϕ ∈ Dqα be such that ϕ(D) ⊆ D and ψ ∈ D
q
α.
Then ∫
D
g(w) dμϕ,ψϕ′,q(w) =
∫
D
|ψ(z)ϕ′(z)|q(g ◦ ϕ)(z) dAα(z)
and ∫
D
g(w) dνϕ,ψ′,q(w) =
∫
D
|ψ′(z)|q(g ◦ ϕ)(z) dAα(z),
where g is an arbitrary measurable positive function on D.
We will state several theorems that we need for our work. Precise references are
given.
Theorem 2.3 ([10]). Take 0 < p < q < ∞ and −1 < α < ∞. Let μ be a positive
Borel measure on D. Then μ is said to be a qp (2 + α)-Carleson measure for L
p,α
a if
and only if Lp,αa ⊂ L
q(D, dμ). In this case the inclusion operator i from Lp,αa into
Lq(D, dμ) is bounded.
Theorem 2.4 ([10]). Take 0 < p ≤ q < ∞ and −1 < α < ∞. Let μ be a positive
Borel measure on D. Then μ is said to be a vanishing qp (2 + α) - Carleson measure
for Lp,αa if and only if L
p,α
a ⊂ L
q(D, dμ). In this case the inclusion operator i from
Lp,αa into L
q(D, dμ) is compact.
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Theorem 2.5 ([4, Theorem 7]). Let μ be a positive measure on D. Let 0 < q < p < ∞
and −1 < α < ∞. Then the following statements are equivalent:
(i) μ is a (Lp,αa , q)–Carleson measure.
(ii) Bα(μ) ∈ L
p/p−q,α
a ,
where Bα(μ) =
∫
D
|σ′z(ω)|
2+αdμ(ω).
Theorem 2.6 ([5, Theorem 1]). Suppose that 0 < q < p < ∞, −1 < α < ∞ and let
μ be a positive measure in D. If p < α + 2, then Dpα ⊂ L
q(D, dμ) if and only if μ is
a qp (α− p + 2)-Carleson (vanishing Carleson) measure.
Theorem 2.7. Suppose that 0 < p < q < ∞, −1 < α < ∞ and let μ be a positive
Borel measure on D. If p < α + 2, then the following statements are equivalent:
(i) The inclusion i : Dpα → L
q(D, dμ) is bounded.
(ii) The measure μ is a qp (α− p + 2)-Carleson measure, that is, there is a constant
C1 < ∞ such that
μ(S(I)) ≤ C1 |I|
q
p
(α−p+2).
(iii) There exists a constant C2 < ∞ such that for any a ∈ D∫
D
|σ′a(z)|
q
p
(α−p+2) dμ(z) ≤ C2.
The above result was proved by several authors. The equivalence of (i) and (ii)
can be found in Theorem 1 of [6], and a proof of the equivalence of (ii) and (iii) can
be found in [1].
Theorem 2.8. Suppose that 0 < p < q < ∞, −1 < α < ∞ and let μ be a positive
Borel measure on D. If p < α + 2, then the following statements are equivalent:
(i) The inclusion i : Dpα → L
q(D, dμ) is compact.
(ii) The measure μ is a vanishing qp (α − p + 2)–Carleson measure, that is, there is
a constant C1 < ∞ such that
lim
I⊂∂D |I|→0
μ(S(I))
|I|
q
p
(α−p+2)
= 0.
(iii) For all a ∈ D, we have
lim
|a|→1
∫
D
|σ′a(z)|
q
p
(α−p+2) dμ(z) = 0.
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Lemma 2.9. Suppose that 0 < p < q <∞ and −1 < α <∞. Let ϕ be a holomorphic
self-map of D and let ψ ∈ Dqα be such that Wϕ,ψ from D
p
α into D
q
α is bounded.Then
Wϕ,ψ from D
p
α into D
q
α is compact if and only if whenever {fn} is a bounded sequence
in Dpα converging to zero uniformly on compact subsets of D, then ‖Wϕ,ψ(fn)‖Dqα → 0.
Proof. We know, by hypothesis, that Wϕ,ψ from D
p
α into D
q
α is bounded. If {fn} is a
bounded sequence in Dpα, then from the growth estimate, it follows that
|fn(z)− fn(0)|
p ≤ C||fn||Dpα log
1
1− |z|
, (3)
for all z ∈ D. Using [22, Lemma 1.10] and (3), we only need to prove that the closed
unit ball of Dpα is a compact subset of D
p
α in the topology of uniform convergence
on compact subsets of D. Let {fn} be a sequence in the closed unit ball of D
p
α, then
from (3), {fn} is uniformly bounded on compact subset of D. By Montel’s Theorem
[3, page 137], there is a subsequence {fnk} and an analytic function g such that
fnk → g uniformly on compact subsets of D. We show that g ∈ D
q
α :∫
D
|g′(z)|q(1 − |z|2)αdA(z) =
∫
D
lim
k→∞
|f ′nk(z)|
q(1− |z|2)αdA(z)
≤ lim
k→∞
inf
∫
D
|f ′nk(z)|
q(1− |z|2)αdA(z)
≤ lim
k→∞
inf ||fnk ||
q
Dpα
,
by Fatou’s lemma. This gives g ∈ Dqα.
Now, we can prove the following theorem.
Theorem 2.10. Suppose that 0 < p < q <∞ and −1 < α < ∞. Let ϕ ∈ Dpα be such
that ϕ is a self-map of D and ψ ∈ Lq,αa . For p < α + 2, if the measure νϕ,ψ,q is a
vanishing qp (α− p+ 2)-Carleson measure, then the operator Wϕ,ψ from D
p
α into L
q,α
a
is bounded. Moreover, Wϕ,ψ from D
p
α into L
q,α
a is compact.
Proof. We need to show only compactness. For this, let {fn} be a bounded sequence
in Lp,αa such that fn → 0 uniformly on compact subsets of D as n → ∞. Suppose
gn ∈ D
p
α such that g
′
n = fn and gn(0) = 0 for every n. Then the sequence {gn} also
converges to zero uniformly on compact subsets of D as n →∞. Now, we have
‖Wϕ,ψ(gn)‖
q
Lq,αa
=
∫
D
|ψ(z)|q|(gn ◦ ϕ)(z)|
q dAα(z)
=
∫
D
|gn(w)|
qdνϕ,ψ,q(w) → 0, as n →∞.
Thus Wϕ,ψ : D
p
α → L
q,α
a is compact. The proof is ﬁnished.
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Remark 2.11. Using results from [7], Theorem 2.10 can be proved for the following
cases by adjusting the Carleson measure:
(a) For 0 < p < q < ∞ and α = p − 1, we have to take νϕ,ψ,q as a vanishing
q/p–Carleson measure.
(b) If 0 < p ≤ 2 and α = p − 1, then we have to choose νϕ,ψ,q as a vanishing
1–Carleson measure.
(c) For 0 < p ≤ 1,−1 < α < p−1 and p < q < ∞, we can take νϕ,ψ,q as a vanishing
q
p (α− p + 2)–Carleson measure.
(d) If α+1 < p < α+2, then we can take νϕ,ψ,q as a vanishing
q
p (α−p+2)–Carleson
measure.
Theorem 2.12. Take 0 < p < q < ∞ and −1 < α < ∞. Let ϕ ∈ Dpα be such that ϕ
is a self-map of D and let ψ ∈ Dqα. For p < α + 2, suppose that the measure νϕ,ψ′,q
is a qp (α − p + 2)-Carleson measure. Then the operator Wϕ,ψ from D
p
α into D
q
α is
bounded if and only if Wϕ,ψϕ′ from L
p,α
a into L
q,α
a is bounded.
Proof. Suppose Wϕ,ψ from D
p
α into D
q
α is bounded. Then there exists a constant
C1 > 0 such that
‖Wϕ,ψ(f)‖
q
Dqα
≤ C1 ‖f‖
q
Dpα
for all f ∈ Dpα.
Also, by Theorem 2.10, we can ﬁnd a constant C2 > 0 such that
‖Wϕ,ψ′(f)‖
q
Lq,αa
≤ C2 ‖f‖
q
Dpα
for all f ∈ Dpα.
Take f ∈ Lp,αa . Let g ∈ D
p
α be such that g
′ = f and g(0) = 0. We have
‖Wϕ,ψϕ′(f)‖
q
Lq,αa
= ‖ψϕ′f ◦ ϕ‖q
Lq,αa
= ‖ψϕ′f ◦ ϕ + ψ′g ◦ ϕ− ψ′g ◦ ϕ‖q
Lq,αa
≤ ‖(ψg ◦ ϕ)′‖q
Lq,αa
+ ‖ψ′g ◦ ϕ‖q
Lq,αa
= ‖Wϕ,ψ(g)‖
q
Dqα
+ ‖Wϕ,ψ′(g)‖
q
Lq,αa
≤ (C1 + C2) ‖g‖
q
Dpα
= (C1 + C2) ‖f‖
q
Lp,αa
.
This implies that Wϕ,ψϕ′ : L
p,α
a → L
q,α
a is bounded.
Conversely, suppose that the operator Wϕ,ψϕ′ from L
p,α
a into L
q,α
a is bounded.
Take f ∈ Dpα such that f(0) = 0. Then we have
‖Wϕ,ψ(f)‖
q
Dqα
= ‖(ψf ◦ ϕ)′‖q
Lq,αa
= ‖ψϕ′f ′ ◦ ϕ + ψ′f ◦ ϕ‖q
Lq,αa
≤ ‖Wϕ,ψϕ′(f
′)‖q
Lq,αa
+ ‖Wϕ,ψ′(f)‖
q
Lq,αa
< ∞.
475
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Theorem 2.13. Suppose that 0 < p < q <∞ and −1 < α < ∞. Let ϕ ∈ Dpα be such
that ϕ is a self-map of D and let ψ ∈ Dqα. For p < α + 2, suppose that the measure
νϕ,ψ′,q is a
q
p (α − p + 2)-Carleson measure. Then the operator Wϕ,ψ from D
p
α into
Dqα is bounded if and only if
sup
a∈D
∫
D
(
1− |a|2
|1− aω|2
) q
p
(2+α)
dμϕ,ψϕ′,q(ω) < ∞.
Proof. Suppose that Wϕ,ψ from D
p
α into D
q
α is bounded. Then by Theorem 2.12,
Wϕ,ψϕ′ from L
p,α
a into L
q,α
a is bounded. This means that their exists a constant
C > 0 such that
‖Wϕ,ψϕ′(f)‖Lq,αa ≤ C||f ||Lp,αa .
That is, ∫
D
|ψ(z)ϕ′(z)|q|(f ◦ ϕ)(z)|q dAα(z) ≤ C ‖f‖
q
Lp,αa
for all f ∈ Lp,αa .
Therefore by Lemma 2.2, we get∫
D
|f(w)|qdμϕ,ψϕ′,q(w) ≤ C ‖f‖
q
Lp,αa
.
So by using Theorem A of [5], we get that
sup
a∈D
∫
D
(
1− |a|2
|1− aω|2
) q
p
(2+α)
dμϕ,ψϕ′,q(ω) < ∞.
Theorem 2.14. Suppose that 0 < p < q <∞ and −1 < α < ∞. Let ϕ ∈ Dpα be such
that ϕ is a self-map of D and let ψ ∈ Dqα. For p < α + 2, if the measure νϕ,ψ′,q is a
q
p (α− p + 2)-Carleson measure, then the operator Wϕ,ψ from D
p
α into D
q
α is compact
if and only if Wϕ,ψϕ′ from L
p,α
a into L
q,α
a is compact.
Proof. First suppose that Wϕ,ψ from D
p
α into D
q
α is compact. Let {fn} be a bounded
sequence in Lp,αa such that fn converges to zero uniformly on compact subsets of D
as n → ∞. Let gn ∈ D
p
α be such that g
′
n = fn and gn(0) = 0 for every n. Then the
sequence {gn} also converges to zero uniformly on compact subsets of D as n → ∞.
Also, Wϕ,ψ from D
p
α into D
q
α is compact. This implies that ‖Wϕ,ψ(gn)‖
q
Dqα
converges
to 0 as n → ∞. Again, by Theorem 2.10, Wϕ,ψ′ : D
p
α → L
q,α
a is compact. So
‖Wϕ,ψ′(gn)‖
q
Lq,αa
also converges to zero. Now, we have
‖Wϕ,ψϕ′(fn)‖
q
Lq,αa
= ‖ψϕ′fn ◦ ϕ‖
q
Lq,αa
≤ ‖ψϕ′fn ◦ ϕ + ψ
′gn ◦ ϕ‖Lq,αa + ‖ψ
′gn ◦ ϕ‖
q
Lq,αa
= ‖(ψgn ◦ ϕ)
′‖q
Lq,αa
+ ‖Wϕ,ψ′(gn)‖
q
Lq,αa
≤ ‖Wϕ,ψ(gn)‖
q
Dqα
+ ‖Wϕ,ψ′(gn)‖
q
Lq,αa
.
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Therefore ‖Wϕ,ψϕ′(fn)‖
q
Lq,αa
→ 0 as n →∞. Thus, Wϕ,ψϕ′ : L
p,α
a → L
q,α
a is compact.
Conversely, suppose Wϕ,ψϕ′ from L
p,α
a into L
q,α
a is compact. Then again, by
Theorem 2.10, Wϕ,ψ′ : D
p
α → L
q,α
a is compact. Let gn be the same sequence as in the
direct part. Then, we have
‖Wϕ,ψ(gn)‖
q
Dqα
= ‖(ψgn ◦ ϕ)
′‖q
Lq,αa
= ‖ψϕ′g′n ◦ ϕ + ψ
′gn ◦ ϕ‖
q
Lq,αa
≤ ‖Wϕ,ψϕ′(fn)‖
q
Lq,αa
+ ‖Wϕ,ψ′(gn)‖
q
Lq,αa
→ 0, as n →∞.
Thus, Wϕ,ψ : D
p
α → D
q
α is compact. The proof is ﬁnished.
Theorem 2.15. Take 0 < p < q < ∞ and −1 < α < ∞. Suppose ϕ ∈ Dpα such that
ϕ is a self-map of D and let ψ ∈ Dqα. Let p < α + 2 and suppose that the measure
νϕ,ψ′,q is a
q
p (α− p + 2)-Carleson measure. Then Wϕ,ψ from D
p
α into D
q
α is bounded
if and only if the measure μϕ,ψϕ′,q is a
q
p (α + 2)-Carleson measure for L
p,α
a .
Proof. Suppose that Wϕ,ψ from D
p
α into D
q
α is bounded. Then, we can ﬁnd a constant
C1 > 0 such that
‖Wϕ,ψ(f)‖
q
Dqα
≤ C1‖f‖
q
Dpα
,
for all f ∈ Dpα. Let f ∈ D
p
α be such that f(0) = 0. Also, by Theorem 2.11, we have
Wϕ,ψ ϕ′ from L
p,α
a into L
q,α
a is bounded. Then there exists a constant C2 > 0 such
that
‖Wϕ,ψ ϕ′(f
′)‖q
Lq,αa
≤ C2 ‖f
′‖q
Lp,αa
for all f ∈ Dpα.
Thus ∫
D
|ψ(z)ϕ′(z)|q|(f ′ ◦ ϕ)(z)|q dAα(z) ≤ C2 ‖f
′‖q
Lp,αa
,
for all f ∈ Dpα. Therefore by Lemma 2.2, we get∫
D
|f ′(w)|qdμϕ,ψϕ′,q(w) ≤ C2 ‖f
′‖q
Lp,αa
.
Thus by Theorem 2.3, we get that μϕ,ψϕ′,q is a
q
p (α + 2)-Carleson measure for L
p,α
a .
Conversely, suppose that the measure μϕ,ψϕ′,q is a
q
p (α + 2)-Carleson measure.
Also, by hypothesis the measure νϕ,ψ′,q is a
q
p (α − p + 2)-Carleson measure. Our
aim is to prove that Wϕ,ψ : D
p
α → D
q
α is bounded. Also, we have (ψ(f ◦ ϕ))
′ =
ψ ϕ′(f ′ ◦ ϕ) + ψ′(f ◦ ϕ). Take f ∈ Dpα. So by Lemma 2.2, we have∫
D
|ψ(z) ϕ′(z)|q|f ′(ϕ(z))|qdAα(z) =
∫
D
|f ′(ω)|qdμϕ,ψϕ′,q(ω) < ∞.
Again, since f ∈ Dpα, we have∫
D
|ψ′(z)|q |f(ϕ(z))|q dAα(z) =
∫
D
|f(ω)|qdνϕ,ψ′,q(ω) < ∞.
Thus Wϕ,ψ : D
p
α → D
q
α is bounded. The proof is ﬁnished.
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Theorem 2.16. Let 1 ≤ q < p < ∞ and −1 < α < ∞. Let ϕ be an analytic self-
map on the unit disk D and ψ ∈ Lq,αa . Then Wϕ,ψ is bounded from L
p,α
a into L
q,α
a if
and only if Bα(νϕ,ψ,q) ∈ L
p/p−q,α
a .
Proof. We know that Wϕ,ψ is bounded from L
p,α
a into L
q,α
a if and only if for any
f ∈ Lp,αa , there is a constant C > 0 such that
‖Wϕ,ψ(f)‖
q
Lq,αa
≤ C‖f‖q
Lp,αa
.
This means that ∫
D
|ψ(z)|q|(f ◦ ϕ)(z)|q dAα(z) ≤ C‖f‖
q
Lp,αa
.
Therefore from Lemma 2.2, we have∫
D
|f(w)|qdνϕ,ψ′,q(ω) ≤ C‖f‖
q
Lp,αa
.
Thus νϕ,ψ′,q is a (L
p,α
a , q) –Carleson measure and so Bα(νϕ,ψ,q) ∈ L
p/p−q,α
a .
Theorem 2.17. Suppose that 0 < p < q <∞ and −1 < α < ∞. Let ϕ ∈ Dpα be such
that ϕ is a self-map of D and let ψ ∈ Dqα. For p < α + 2, suppose that the measure
νϕ,ψ′,q is a vanishing
q
p (α−p+2)-Carleson measure. Then Wϕ,ψ from D
p
α into D
q
α is
compact if and only if the measure μϕ,ψϕ′,q is a vanishing
q
p (α+2)-Carleson measure
for Lp,αa .
Proof. Suppose that the measure μϕ,ψϕ′,q is a vanishing
q
p (α + 2)-Carleson measure
for Lp,αa . Also, by hypothesis the measure νϕ,ψ′,q is a vanishing
q
p (α− p+2)-Carleson
measure. We show that the operator Wϕ,ψ from D
p
α into D
q
α is compact. Let fn be
a bounded sequence in Dpα with fn → 0 uniformly on compact subsets of D, we have
to prove that ‖Wϕ,ψ(fn)‖
q
Dqα
→ 0. Again, since ‖Wϕ,ψ(fn)‖
q
Dqα
= |ψ (fn ◦ ϕ)(0)| +
‖(ψ(fn ◦ ϕ))
′‖q
Lq,αa
, we only have to show that ‖(ψ(fn ◦ ϕ))
′‖q
Lq,αa
→ 0. Again by
Theorem 2.10, we have ψ(fn ◦ ϕ) ∈ D
p
α for every n. Hence
‖(ψ(fn ◦ ϕ))
′‖q
Lq,αa
≤
∫
D
|ψ(z)ϕ′(z)|q|(f ′n ◦ ϕ)(z)|
q dAα(z)
+
∫
D
|(ψ′(fn ◦ ϕ))(z)|
q dAα(z)
=
∫
D
|f ′n(w)|
qdμϕ,ψϕ′,q(w) +
∫
D
|fn(w)|
qdνϕ,ψ′,q(w).
We replace the sets S(b, h) by the equivalent windows W (b, h) deﬁned as
W (b, h) =
{
z ∈ D, 1− |z| < h,
z
|z|
∈ Q(b, h)
}
,
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where Q(b, h) = S(b, h) ∩ ∂D. Given 	 > 0, we may ﬁnd h◦ so that μ(W (b, h)) ≤
	 h
q
p
(α+2) for all b ∈ ∂D and h ≤ h◦. If μ is the restriction of μq to D \ (1 − h◦)D,
then μ is a qp (α+2)-Carleson measure with μ(W (b, h)) ≤ 2 	 h
q
p
(α+2) (see [3, Theorem
3.12]). This implies that there is a constant C < ∞ such that∫
D
|f(w)|qdμ(w) ≤ C 	 ‖f‖q
Lp,αa
,
for all f ∈ Lp,αa . Now, take the integral∫
D
|f ′n(w)|
qdμϕ,ψϕ′,q(w) =
∫
D\(1−h◦)D
|f ′n(w)|
qdμϕ,ψϕ′,q(w)
+
∫
(1−h◦)D
|f ′n(w)|
qdμϕ,ψϕ′,q(w).
Since fn → 0 uniformly on compact subsets of D, we can ﬁnd N◦ such that if n ∈ N
and n ≥ N◦, we have that |f
′
n(z)|
q ≤ μϕ,ψϕ′,q((1−h◦)D)
, for all z ∈ (1−h◦)D. Thus we
have∫
(1−h◦)D
|f ′n(w)|
qdμϕ,ψϕ′,q(w) ≤
	
μϕ,ψϕ′,q((1− h◦)D)
μϕ,ψϕ′,q((1− h◦)D) = 	.
Also ∫
D\(1−h◦)D
|f ′n(w)|
qdμϕ,ψϕ′,q(w) =
∫
D\(1−h◦)D
|f ′n(w)|
qdμ(w)
≤
∫
D
|f ′n(w)|
pdμ(w)
≤ 	 C ‖f ′n‖Lp,αa
≤ 	 C,
because we can take ‖f ′n‖
q
Lq,αa
≤ 1. Thus we get
∫
D
|f ′n(w)|
qdμϕ,ψϕ′,q(w) ≤ (1 + C) 	.
Since the measure νϕ,ψ′,q is a vanishing
q
p (α − p + 2)-Carleson measure, we have∫
D
|fn(w)|
q dνϕ,ψ′,q(w) → 0 as n→∞. Thus Wϕ,ψ from D
p
α into D
q
α is compact.
Conversely, suppose that Wϕ,ψ is compact. Our aim is to prove that the measure
μϕ,ψϕ′,q is a vanishing
q
p (α + 2) -Carleson measure for L
p,α
a . By Theorem 2.10, we
have Wϕ,ψ′ from D
p
α into L
q,α
a is compact. Let {fn} be a bounded sequence in L
q,α
a
such that fn → 0 uniformly on compact subsets of D. Consider the function gn ∈ D
p
α
such that g′n = fn and gn(0) = 0, for each n. Then the sequence gn also converges to
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zero uniformly on compact subsets of D as n → ∞. Also by Theorem 2.14, Wϕ,ψϕ′ :
Lp,αa → L
q,α
a is compact. So ‖Wϕ,ψϕ′(fn)‖Lq,αa → 0. Thus, we have
‖Wϕ,ψϕ′(fn)‖
q
Lq,αa
=
∫
D
|ψ(z)ϕ′(z)|p|(fn ◦ ϕ)(z)|
q dAα(z)
=
∫
D
|fn(w)|
qdμϕ,ψϕ′,q(w) → 0, as n →∞.
Therefore by Theorem 2.15, we see that μϕ,ψϕ′,q is a vanishing
q
p (α + 2)-Carleson
measure for Lp,αa . The proof is ﬁnished.
Theorem 2.18. Suppose that 0 < q < p ≤ 2, α = p− 1 and the measure νϕ,ψ′,q is a
vanishing 1-Carleson measure for Dpα. Also suppose that Wϕ,ψ is bounded (respectively
compact) on Dpα. Then Wϕ,ψ is bounded (respectively compact) on D
q
α.
Proof. For q < p, by Ho¨lders inequality we have
μϕ,ψϕ′,q(S(b, h)) =
∫
ϕ−1(S(b,h))
|ψ(z)ϕ′(z)|q dAα(z)
≤
(∫
ϕ−1(S(b,h))
|ψ(z)ϕ′(z)|p dAα(z)
) q
p
(∫
ϕ−1(S(b,h))
1 dAα(z)
) (p−q)
p
= μϕ,ψϕ′,p(S(b, h))
q
p Aα ϕ
−1(S(b, h))
(p−q)
p .
Also, the composition operator Cϕ is bounded on the Bergman space, so by Theorem
4.3 in [14], Aα ϕ
−1 is a Carleson measure for the Bergman space. Thus
μϕ,ψϕ′,q(S(b, h)) ≤ C h
(p−q)
p μϕ,ψϕ′,p(S(b, h))
q
p .
Again Wϕ,ψ is bounded on D
p
α, by Theorem 2.15, we can ﬁnd a constant C such that
μϕ,ψϕ′,p(S(b, h)) ≤ C h
(α+2) for all b ∈ ∂D and 0 < h ≤ 2. Thus we have
μϕ,ψϕ′,q(S(b, h)) ≤ C h
(α+2).
That is, the measure μϕ,ψϕ′,q is a (α+2)-Carleson measure for L
p,α
a . Hence by Theorem
2.15, Wϕ,ψ is bounded on D
q
α.
Similarly, we can prove this result for compactness.
Our next result concerns bounded weighted composition operators mapping Dpα
into Dqα for 0 < p < q < ∞, p < α+2 and −1 < α <∞. Our result will be expressed
in term of intergal operators:
Φ(a) =
∫
D
(
1− |a|2
|1− az|2
) q
p
(α+2)
dμϕ,ψϕ′,q(ω)
Revista Matema´tica Complutense
2009: vol. 22, num. 2, pags. 469–488 480
Sanjay Kumar Weighted composition operators between spaces of Dirichlet type
and
Ψ(a) =
∫
D
(
1− |a|2
|1− az|2
) q
p
(α−p+2)
dνϕ,ψ′,q(ω).
Theorem 2.19. Let ϕ ∈ Dpα be such that ϕ(D) ⊆ D and ψ ∈ D
q
α. Let 0 < p < q < ∞
and −1 < α < ∞. For p < α + 2, suppose that the measure νϕ,ψ′,q is a
q
p (α − p + 2)
Carleson measure. Then the weighted composition operator Wϕ,ψ from D
p
α into D
q
α
is bounded if and only if the functions Φ(a) and Ψ(a) belong to L∞(D).
Proof. Since Wϕ,ψ : D
p
α → D
q
α is bounded, by using Theorem 2.15, we get that the
measure μϕ,ψϕ′,q is a
q
p (α + 2) Carleson measure for L
p,α
a . Therefore by Theorem A
of [5], we have ∫
D
|σ′a(w)|
q
p
(α+2) dμϕ,ψϕ′,q(w) < ∞.
That is, ∫
D
(
1− |a|2
|1− az|2
) q
p
(α+2)
dμϕ,ψϕ′,q(ω) < ∞.
Again by hypothesis, the measure νϕ,ψ′,q is a
q
p (α − p + 2) Carleson measure. Thus
by Theorem 2.7, we have∫
D
|σ′a(w)|
q
p
(α−p+2) dνϕ,ψ′,q(w) <∞.
That is, ∫
D
(
1− |a|2
|1− az|2
) q
p
(α−p+2)
dνϕ,ψ′,q(ω) <∞.
3. Essential norm estimates
In this section, we ﬁnd the estimates for the essential norm of Wϕ,ψ.
We need the following two lemmas.
Lemma 3.1. For 0 < r < 1, let us denote Dr = {z ∈ D : |z| < r}. Let μ be a positive
Borel measure on D. Take
‖μ‖r = sup
|I|≤1−r
μ(S(I))
| I |
q
p
(α−p+2)
and ‖μ‖ = sup
I⊂∂D
μ(S(I))
|I|
q
p
(α−p+2)
,
where I is an arc in the unit circle ∂D. Let μr = D \Dr. Thus, if μ is a Carleson
measure for the weighted Dirichlet spaces Dpα for 0 < p < q < ∞, p < α + 1 and
−1 < α < ∞, then so is μr. Also ‖μr‖ ≤M‖μ‖r, where M > 0 is a constant.
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Lemma 3.2. For 0 < r < 1, let μ be a positive Borel measure on D. Denote
‖μ‖∗r = sup
| a |≥r
∫
D
|σ′a(z)|
q
p
(α−p+2)dμ(z).
If μ is a (Dpα, q) -Carleson measure for 0 < p < q < ∞, p < α + 2 and −1 < α < ∞,
then so is μr. Also, ‖μr‖ ≤ C ‖μ‖
∗
r , where C is an absolute constant.
Proof. By Lemma 3.1, we only need to show that ‖μ‖r ≤ C‖μ‖
∗
r , where C is an
absolute constant. Take an arc I ⊂ ∂D with |I| ≤ 1 − r. Let a = (1 − |I|)eiθ, where
eiθ is the centre of I. Then |a| = (1 − |I|) ≥ r. By a geometric consideration, it can
be proved that for any z ∈ S(I), |σ′a(z)| ≥ 4/(25|I|). Thus
μ(S(I))
|I|
q
p
(α−p+2)
≤ (25/4)
q
p
(α−p+2)
∫
S(I)
|σ′a(z)|
q
p
(α−p+2)dμ(z)
≤ (25/4)
q
p
(α−p+2)
∫
D
|σ′a(z)|
q
p
(α−p+2)dμ(z)
≤ (25/4)
q
p
(α−p+2)‖μ‖∗r .
Taking supremum over the arcs I with |I| ≤ 1− r, we get
||μ‖r ≤ (25/4)
q
p
(α−p+2)‖μ‖∗r.
Therefore by Lemma 3.1, ||μr‖ ≤ M‖μr‖ ≤ C‖μ‖
∗
r . Thus the result is proved with
C = M(25/4)
q
p
(α−p+2).
Lemma 3.1 and Lemma 3.2 can also be proved for the weighted Bergman spaces.
Only we have to take exponent qp (α + 2) in place of
q
p (α− p + 2).
Take f(z) =
∑∞
t=0 atz
t analytic in D. For a positive integer n, deﬁne the operators
Rnf(z) =
∑∞
t=n+1 atz
t and Kn = I −Rn, where I is the identity map.
Now recall that the essential norm ‖Wϕ,ψ‖e of a bounded operator Wϕ,ψ is its
distance (in the operator norm) from compact operators, that is,
‖Wϕ,ψ‖e = inf
K
‖Wϕ,ψ −K‖,
where the inﬁmum is taken over all compact operators K.
Then we have the following lemma.
Lemma 3.3. If Wϕ,ψ is a bounded from D
p
α into D
q
α for 0 < p < q < ∞, p < α + 2
and −1 < α < ∞, then
‖Wϕ,ψ‖e ≤ lim
n→∞
inf ‖Wϕ,ψRn‖.
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Proof. Since (Rn +Kn)f = f for every n, where Kn is a compact operator. Then we
have
‖Wϕ,ψf‖ = ‖Wϕ,ψ(Rn)f + Wϕ,ψ(Kn)f‖.
Thus
‖Wϕ,ψ‖e ≤ ‖Wϕ,ψRn + Wϕ,ψKn‖e
≤ ‖Wϕ,ψRn‖e
≤ ‖Wϕ,ψRn‖.
Therefore ‖Wϕ,ψ‖e ≤ limn→∞ inf ‖Wϕ,ψRn‖.
In the following theorem, we give the upper and lower estimates for the essential
norm of a weighted composition operator.
Theorem 3.4. Let ϕ ∈ Dpα be such that ϕ(D) ⊆ D and ψ ∈ D
q
α. Take 0 < p < q < ∞
and −1 < α < ∞. For p < α + 2, suppose that the measure νϕ,ψ′,q is a
q
p (α − p + 2)
Carleson measure. Let Wϕ,ψ be bounded from D
p
α into D
q
α. Then there are absolute
constants C1, C2 ≥ 1 such that
lim sup
|a|→1
‖(Wϕ,ψ)σa‖
q
Dqα
≤ ‖Wϕ,ψ‖
q
e ≤ C1 lim sup
|a|→1
Φ(a) + C2 lim sup
|a|→1
Ψ(a),
where
Φ(a) =
∫
D
(
1− |a|2
|1− az|2
) q
p
(α+2)
dμϕ,ψϕ′,q(ω)
and
Ψ(a) =
∫
D
(
1− |a|2
|1− az|2
) q
p
(α−p+2)
dνϕ,ψ′,q(ω).
Proof. First we prove the upper estimate. Now by Lemma 3.3, we have
‖Wϕ,ψ‖
q
e ≤ limn→∞
inf ‖Wϕ,ψRn‖
q
Dqα
≤ lim
n→∞
inf sup
‖f‖
D
p
α
≤1
‖(Wϕ,ψRn)f‖
q
Dqα
.
However, for any ﬁxed 0 < r < 1,
‖Wϕ,ψRnf‖
q
Dqα
= |ψ(0)(Rnf(ϕ(0))|
q + ‖(ψ(2)(Rnf ◦ ϕ)(2))
′‖q
Lp,αa
= |ψ(0)(Rnf(ϕ(0))|
q +
∫
D
|(ψ(z)Rnf(ϕ(z)))
′|qdAα(z).
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Now the term |ψ(0)(Rnf(ϕ(0))| is bounded as n →∞. Thus we have
‖(Wϕ,ψRn)f‖
q
Dqα
=
∫
D
|(ψ(z)(Rnf(ϕ(z))))
′|q dAα(z)
≤
∫
D
|ψ(z)ϕ′(z)|q|(Rnf)
′(ϕ(z))|qdAα(z)
+
∫
D
|ψ′(z)|q|(Rnf)(ϕ(z))|
qdAα(z).
=
∫
D
|(Rnf)
′(ω)|q dμϕ,ψϕ′,q(ω)
+
∫
D
|(Rnf)(ω)|
q dνϕ,ψ′,q(ω).
=
∫
D\Dr
|(Rnf)
′(ω)|qdμ
ϕ,ψϕ′,q
(ω)
+
∫
Dr
|(Rnf)
′(ω)|q dμϕ,ψϕ′,q(ω)
+
∫
D
|(Rnf)(ω)|
q dνϕ,ψ′,q(ω)
= I1 + I2 + I3.
Also by Theorem 2.15, Wϕ,ψ from D
p
α into D
q
α is bounded. So the measure μϕ,ψϕ′,q
is a qp (α + 2)-Carleson measure. From the proof of Proposition 3 in [4], we see that
for a given 	 > 0 and n large enough,
|(Rnf)
′(ω)| ≤ 	 ‖f ′‖Lp,αa .
Thus
I2 ≤ 	
q‖f‖q
Dpα
μϕ,ψϕ′,q(Dr) ≤ 	
q‖f‖q
Dpα
‖ψϕ′‖Lq,αa .
Therefore for a ﬁxed r, we have
sup
‖f‖
D
q
α≤1
∫
Dr
|(Rnf)
′(ω)|qdμϕ,ψϕ′,q(ω) → 0, as n →∞.
On the other hand, if μϕ,ψϕ′,q,r denotes the restriction of measure μϕ,ψϕ′,q to the set
D \Dr, then by Theorem 2.7 and Lemma 3.2, we have
I1 =
∫
D\Dr
|(Rnf)
′(ω)|qdμϕ,ψϕ′,q,r(ω)
≤ M ‖μϕ,ψϕ′,q,r‖‖(Rnf)
′‖q
Lp,αa
≤ M M ′‖μϕ,ψϕ′,q‖
∗
r‖f‖
p
Dpα
≤ M M ′ ‖μϕ,ψϕ′,q‖
∗
r ,
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where M and M ′ are absolute constants and ‖μϕ,ψϕ′,q‖
∗
r is deﬁned as in Lemma 3.2.
Also by using similar techniques as above, we can show that the intergal I3 is also
bounded by M1 M
′
1 ‖νϕ,ψ′,q‖
∗
r, where M1 and M
′
1 are absolute constants. Therefore
lim
n→∞
inf sup
‖f‖
D
p
α
≤1
‖(Wϕ,ψRn)f‖Dqα ≤ limn→∞
inf M M ′ ‖μϕ,ψϕ′,q‖
∗
r
+ lim
n→∞
inf M1 M
′
1 ‖νϕ,ψ′,q‖
∗
r .
Thus ‖Wϕ,ψ‖
q
e ≤ M M
′ ‖μϕ,ψϕ′,q‖
∗
r + M1 M
′
1 ‖νϕ,ψ′,q‖
∗
r .
Taking r → 1, we have
‖Wϕ,ψ‖
q
e ≤ M M
′ lim
r→ 1
‖μϕ,ψϕ′,q‖
∗
r + M1 M
′
1 lim
r→ 1
‖νϕ,ψ′,q‖
∗
r
= M M ′ lim sup
| a |→1
∫
D
|σ′a(ω)|
(α+2)q/p dμϕ,ψϕ′,q(ω)
+M1 M
′
1 lim sup
| a |→1
∫
D
|σ′a(ω)|
q
p
(α−p+2) dνϕ,ψ′,q(ω)
= M M ′ lim sup
| a |→1
∫
D
(
1− |a|2
|1− aω|2
)(α+2)q/p
dμϕ,ψϕ′,q(ω)
+M1 M
′
1 lim sup
| a |→1
∫
D
(
1− |a|2
|1− aω|)2
) q
p
(α−p+2)
dνϕ,ψ′,q(ω)
= M M ′ lim sup
| a |→1
Φ(a) + M1 M
′
1 lim sup
| a |→1
Ψ(a),
which is the desired upper bound.
Now, we prove the lower estimate.
The set {σa : a ∈ D} is bounded in D
p
α. Also (σa − a) → 0 as |a| → 1 uniformly
on compact sets in D, since
|σa(z)− a| = |z|
1− |a|2
|1− a z|
.
Also, ﬁx a compact operator K from Dpα into D
q
α. Then ‖K(σa − a)‖Dqα → 0, as
|a| → 1. Thus ‖K(σa)‖Dqα → 0, as |a| → 1. Therefore
‖Wϕ,ψ −K‖ ≥ lim
|a|→1
sup ‖(Wϕ,ψ −K)σa‖Dqα
≥ lim
|a|→1
sup(‖(Wϕ,ψ)σa‖Dqα − ‖Kσa‖Dqα
= lim
|a|→1
sup ‖(Wϕ,ψσa)‖Dqα .
Hence
‖Wϕ,ψ‖
q
e ≥ ‖Wϕ,ψ −K‖
q
Dqα
≥ lim sup
|a|→1
‖(Wϕ,ψ)σa‖
q
Dqα
.
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Corollary 3.5. Let ϕ ∈ Dpα be such that ϕ(D) ⊆ D and let ψ ∈ D
q
α. Take 0 <
p < q < ∞ and −1 < α < ∞. For p < α + 2, suppose that the measure νϕ,ψ′,q is a
q
p (α − p + 2) Carleson measure. Let Wϕ,ψ be a bounded operator from D
p
α into D
q
α.
Then Wϕ,ψ is compact from D
p
α into D
q
α if and only if
lim
| a |→1
sup
∫
D
(
1− |a|2
|1− az|2
) q
p
(α+2)
dμϕ,ψϕ′,q(ω) = 0
and
lim
| a |→1
sup
∫
D
(
1− |a|2
|1− az|2
) q
p
(α−p+2)
dνϕ,ψ′,q(ω) = 0.
By using Theorem 2.14 and Theorem 2 of [5], we can prove the following theorem.
Theorem 3.6. Suppose that 0 < p < q < ∞ and −1 < α < ∞. Let ϕ ∈ Dpα be such
that ϕ is a self-map of D and let ψ ∈ Dqα. For p < α + 2, suppose that the measure
νϕ,ψ′,q is a
q
p (α− p+2)-Carleson measure. Suppose the operator Wϕ,ψ from D
p
α into
Dqα is bounded. Then there exists a constant C > 0 such that
lim
|a|→1
sup Iϕ,ψ,α ≤ ‖Wϕ,ψϕ′‖
q
e ≤ C lim
|a|→1
sup Iϕ,ψ,α,
where
Iϕ,ψ,α =
∫
D
(
1− |a|2
|1− aω|2
)(2+α)q/p
dμϕ,ψϕ′,q(ω).
The following corollary is now immediate.
Corollary 3.7. Suppose that 0 < p < q < ∞ and −1 < α < ∞. Let ϕ ∈ Dpα be such
that ϕ is a self-map of D and let ψ ∈ Dqα. For p < α + 2, suppose that the measure
νϕ,ψ′,q is a vanishing
q
p (α − p + 2)-Carleson measure. Then the operator Wϕ,ψ from
Dpα into D
q
α is compact if and only if
lim
| a |→1
sup
∫
D
(
1− |a|2
|1− aω|2
)(2+α)q/p
dμϕ,ψϕ′,q(ω) = 0.
Now we will deal with some results related to composition operators on Dirichlet
type spaces.
Theorem 3.8. Suppose that 0 < p < q < ∞ and −1 < α < ∞. Let ϕ ∈ Dpα be such
that ϕ is a self-map of D. Then the composition operator Cϕ from D
p
α into D
q
α is
bounded if and only if the measure νϕ,q is a
q
p (α + 2)-Carleson measure for L
p,α
a .
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Proof. Let fn ∈ D
p
α and let gn ∈ L
p,α
a be such that f
′
n = gn and gn(0) = 0. First
suppose that Cϕ from D
p
α into D
q
α is bounded. Also Cϕ from D
p
α into D
q
α is bounded
if and only if there is a constant C > 0 such that
‖Cϕfn‖
q
Dqα
≤ C‖fn‖
q
Dpα
.
By using Lemma 2.2, we have
‖Cϕfn‖
q
Dqα
=
∫
D
|f ′n(w)|
qdνϕ,q(ω) ≤ C‖f
′
n‖
q
Lp,αa
.
Thus ∫
D
|gn(w)|
qdνϕ,q(ω) ≤ C‖gn‖
q
Lp,αa
.
Therefore by using Theorem 2.3, we get that the measure νϕ,q is a
q
p (α+2)-Carleson
measure for Lp,αa .
Similarly, we can prove the following result.
Theorem 3.9. Suppose that 0 < p < q < ∞ and −1 < α < ∞. Let ϕ ∈ Dpα be such
that ϕ is a self-map of D. Then the composition operator Cϕ from D
p
α into D
q
α is
compact if and only if the measure νϕ,q is a vanishing
q
p (α+2)-Carleson measure for
Lp,αa .
Similarly, we can prove these results for the following cases:
(i) 0 < p ≤ 2 and α = p− 1.
(ii) 0 < p ≤ 1,−1 < α < p− 1 and p < q < ∞.
(iii) α + 1 < p < α + 2.
(iv) 0 < p < q < ∞ and α = p− 1.
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